Abstract. Let (X, d, p) be a metric space with a metric d and a marked point p. We define the set of w-strongly porous at 0 subsets of [0, ∞) and prove that the distance set {d(x, p) : x ∈ X} is w-strongly porous at 0 if and only if every pretangent space to X at p is bounded.
A new intrinsic notion of differentiability for the mapping between the general metric spaces was produced in [10] (see also [11] ). A basic technical tool in [10] is a pretangent and tangent spaces to an arbitrary metric space X at a point p. The development of this theory requires the understanding of interrelations between the infinitesimal properties of initial metric space and geometry of pretangent spaces to this initial. The main purpose of the present paper is to search the conditions under which all pretangent spaces to X at a point p ∈ X are bounded.
For convenience we recall some terminology and results related to pretangent spaces to general metric spaces.
Let (X, d, p) be a pointed metric space with a metric d and a marked point p. Fix a sequencer of positive real numbers r n tending to zero. In what followsr will be called a normalizing sequence. Let us denote byX the set of all sequences of points from X and by N the set of positive integer ( = natural) numbers.
Definition 1.1. Two sequencesx = {x n } n∈N andỹ = {y n } n∈N ,x,ỹ ∈X are mutually stable with respect tor = {r n } n∈N if there is a finite limit lim n→∞ d(x n , y n ) r n :=dr(x,ỹ) =d(x,ỹ).
(1.1)
We shall say that a familyF ⊆X is self-stable (w.r.t.r) if every twõ x,ỹ ∈F are mutually stable. A familyF ⊆X is maximal self-stable ifF is self-stable and for an arbitraryz ∈X eitherz ∈F or there isx ∈F such thatx andz are not mutually stable.
The standart application of Zorn's lemma leads to the following Proposition 1.2. Let (X, d, p) be a pointed metric space. Then for every normalizing sequencer = {r n } n∈N there exists a maximal self-stable familỹ X p,r such thatp := {p, p, ...} ∈X p,r .
Note that the conditionp ∈X p,r implies the equality
Consider a functiond :X p,r ×X p,r → R whered(x,ỹ) =dr(x,ỹ) is defined by (1.1). Obviously,d is symmetric and nonnegative. Moreover, the triangle inequality for d impliesd
for allx,ỹ,z ∈X p,r . Hence (X p,r ,d) is a pseudometric space. Definition 1.3. The pretangent space to the space X (at the point p w.r.t. r) is the metric identification of the pseudometric space (X p,r ,d).
Since the notion of pretangent space is important for the paper, we remind this metric identification construction.
Define the relation ∼ onX p,r byx ∼ỹ if and only ifd(x,ỹ) = 0. Then ∼ is an equivalence relation. Let us denote by Ω X p,r the set of equivalence classes inX p,r under the equivalence relation ∼ . It follows from general properties of pseudometric spaces (see, for example, [15] ), that if ρ is defined on Ω forx ∈ α andỹ ∈ β, then ρ is a well-defined metric on Ω X p,r . By definition, the metric identification of (X p,r ,d) is the metric space (Ω X p,r , ρ). It should be observed that Ω X p,r = ∅ because the constant sequencep belongs toX p,r . Thus every pretangent space Ω X p,r is a pointed metric space with natural distinguished point π(p), (see diagram (1.3) below).
Let {n k } k∈N be an infinite strictly increasing sequence of natural numbers.
Let us denote byr ′ the subsequence {r n k } k∈N of the normalizing sequencẽ r = {r n } n∈N and letx 
is commutative. Here π and π Lemma 1.5. Let (X, d, p) be a pointed metric space, B a countable subfamily ofX and letr = {r n } n∈N be a normilizing sequence. Suppose thatb andp are mutually stable for everyb = {b n } n∈N ∈ B. Then there is an infinite subsequencer ′ = {r n k } k∈N ofr such that the family
2 Boundedness of pretangent spaces and local strong right porosity
Let us recall the definition of the right porosity. This definition and an useful collection of facts related to the notion of porosity can be found in [17] .
Let E be a subset of R
Definition 2.1. The local right porosity of E at 0 is the quantity
where λ(E, 0, h) is the length of the largest open subinterval of (0, h) that contains no point of E. The set E is strongly porous on the right at 0 if
It was proved in [1] that a bounded tangent space to X at p exists if and only if the distance set
is strongly porous on the right at 0.
• It is therefore reasonable to ask for which pointed metric spaces (X, d, p) all pretangent spaces Ω X p,r are bounded?
• Is there a modification of the local strong porosity describing the boundedness of all pretangent spaces Ω X p,r ? Our first goal is to introduce a desired modification of porosity. Letτ = {τ n } n∈N be a sequence of real numbers. We shall say thatτ is almost decreasing if the inequality τ n+1 ≤ τ n holds for sufficiently large n. WriteẼ d 0 for the set of almost decreasing sequencesτ with lim n→∞ τ n = 0 and having τ n ∈ E \ {0} for n ∈ N.
DefineĨ E to be the set of sequences {(a n , b n )} n∈N of open intervals (a n , b n ) ⊆ R + meeting the following conditions:
• lim n→∞ a n = 0 and lim n→∞ b n −a n b n = 1. Define also the weak equivalence ≍ on the set of sequences of strictly positive numbers as follows. Letã = {a n } n∈N andγ = {γ n } n∈N . Thenã ≍γ if there are constants c 1 , c 2 > 0 such that c 1 a n < γ n < c 2 a n , n ∈ N. The set E isτ -strongly porous at 0 if there is a sequence {(a n , b n )} n∈N ∈ I E such thatγ ≍ã
Let E be a subset of R + and let 0 ∈ E.
Definition 2.3. The set E is w-strongly porous at 0 if for every sequencẽ
0 for which the set E isτ ′ -strongly porous at 0.
Remark 2.4. It is clear that E ⊆ R
+ is w-strongly porous at 0 if 0 is an isolated point of E and, on the other hand, if E is w-strongly porous at 0 then E is strongly porous at 0.
The following theorem gives a boundedness criterion for pretangent spaces.
Theorem 2.5. Let (X, d, p) be a pointed metric space. All pretangent spaces to X at p are bounded if and only if the set S p (X) is w-strongly porous at 0.
The proof of Theorem 2.5 is based on several auxiliary results. In the following proposition we consider the distance set S p (X) as a pointed metric space with the standard metric induced from R and the marked point 0.
Proposition 2.6. Let (X, d, p) be a pointed metric space with the distance set S p (X). The following statements are equivalent.
(i) All pretangent spaces to X at p are bounded.
(ii) All pretangent spaces to S p (X) at 0 are bounded.
andS 0,r (X) for pretangent spaces to S p (X) at 0 and, respectively, for the corresponding maximal self-stable families. Suppose that the inequality
Let Ω X p,r be an arbitrary pretangent space to X with the corresponding maximal self-stable familyX p,r . Letx,ỹ ∈X p,r . The membership relationsx,ỹ ∈X p,r imply the existence of the finite limits
As it was shown in ( [2], Proposition 2.2) the statement "Ifã and0 are mutually stable andb and0 are mutually stable, thenã andb are mutually stable" holds for every normalizing sequencer and every subspace E of the metric space R + with 0 ∈ E andã,b ∈Ẽ. Consequently we obtain that {d(x n , p)} n∈N , {d(y n , p)} n∈N ∈S 0,r (X). Using the triangle inequality, we obtaiñ
The boundedness of Ω Since Ω S p (X) 0,r is unbounded we can find a countable family of the sequences
for every j ∈ N. By Lemma 1.5 there is a subsequencer
that the family of sequences {b j n k } k∈N, j ∈ N, is self-stable w.r.t.r ′ . Applying the Zorn Lemma we find a maximal self-stable familyX p,r ′ such that {b j n k } k∈N ∈X p,r ′ for every j. Inequalities (2.1) imply that the pretangent space corresponding toX p,r ′ is unbounded, contrary to the supposition.
The next lemma was proved in ( [9], Corollary 2.4).
Lemma 2.7. Let E ⊆ R
The set E isτ -strongly porous if and only if there exists a sequence {(a n , b n )} n∈N ∈Ĩ E such that lim sup n→∞ a n τ n < ∞ and τ n ≤ a n for sufficiently large n. (i) E isτ -strongly porous at 0.
(ii) There is a constant k ∈ (1, ∞) such that for every K ∈ (k, ∞) there exists
Proof. (i) ⇒ (ii) Suppose that E isτ -strongly porous at 0. By Lemma 2.7 there is a sequence
such that lim sup n→∞ a n τ n < ∞ and τ n ≤ a n for sufficiently large n. Write k = 1 + lim sup n→∞ a n τ n , then k ≥ 2 and there is N 0 ∈ N such that τ n ≤ a n < kτ n (2.4)
3) implies the equality lim n→∞ b n a n = ∞. The last equality and (2.4) show that there is N 1 ≥ N 0 such that
6) (2.5) and (2.6) imply (2.2). Thus (ii) follows from (i).
(ii) ⇒ (i) Assume that statement (ii) holds. Then for K = 2k there is
for n ≥ N 0 . Consequently, for every n ≥ N 0 , we can find a connected component (a n , b n ) of ExtE meeting the inclusion
Define (a n , b n ) := (a N 0 , b N 0 ) for n < N 0 . Since, for n ≥ N 0 , we have τ n ∈ E, τ n < kτ n and (a n , kτ n ) ∩ E = ∅, the double inequality τ n ≤ a n < kτ n holds. Hence {τ n } n∈N ≍ {a n } n∈N , i.e., to prove (i) it is sufficient to show that
All (a n , b n ) are connected components of ExtE, so that (2.7) holds if and only if
Let K be an arbitrary point of (k, ∞). Applying (2.2) we can find
Consequently, for such n, we have
Letting K → ∞ we see that (2.8) follows.
Proof of Theorem 2.5. The theorem is trivial if p is an isolated point of
X, so that suppose p is an accumulation point of X. Taking into account Proposition 2.6, we can also assume that X ⊆ R + and p = 0. Let X be w-strongly porous at 0 and let Ω X 0,r be an arbitrary pretangent space to X at 0 with the corresponding maximal self-stable familyX 0,r . To prove that Ω X 0,r is bounded it suffices to show that
where α = π(0) (see (1.3) ). This inequality is vacuously true if Ω X 0,r is onepoint. In the case of cardΩ X 0,r ≥ 2 we can find c ∈ (0, ∞) andτ = {τ n } n∈N ∈ X 0,r such that ρ(π(τ ), α) = lim n→∞ τ n r n = c. , such that {x n } n∈B is almost decreasing. Since X isτ ′ -strongly porous at 0 andx ≍τ , the set X is also {x n } n∈B -strongly porous at 0. Let {(a n , b n )} n∈B ∈Ĩ X be a sequence such that {τ n } n∈B ≍ {a n } n∈B ≍ {x n } n∈B . Lemma 2.7 implies that x n ≤ a n for sufficiently large n ∈ B and that lim sup n→∞ n∈A a n τ n < ∞.
Thus lim sup
n→∞ n∈B
x n τ n ≤ lim sup n→∞ n∈B a n τ n ≤ lim sup n→∞ n∈A a n τ n < ∞.
Inequality 2.11 follows.
Suppose now that all pretangent spaces to X at 0 are bounded but the set X is not w-strongly porous at 0. By Definition 2.3 there exists a decreasing sequenceτ = {τ n } n∈N such that τ n ∈ X \ {0} for every n ∈ N, lim n→∞ τ n = 0 and X is notτ ′ -strongly porous at 0 for every subsequenceτ ′ of the sequencẽ τ . Since X is notτ -strongly porous, by Proposition 2.8 for every
:= {τ i } i∈A 1 ,x
Since X is notτ ′ -strongly porous, there are K 2 > k 2 and an infinite A 2 ⊆ A 1 such that (k 2 τ n , K 2 τ n ) ∩ E = ∅ for n ∈ N, so that we can construct a convergent subsequencẽ
i } i∈A 2 is a subsequence ofτ (1) andx (2) := {x (2) i } i∈A 2 . Repeating this procedure we see that, for every j ∈ N, there are some sequences
is convergent. To complete the proof, it suffices to make use of Cantor's diagonal argument. Let B := {n 1 , ..., n j , ...} be an infinite subset of N such that n j ∈ A j for every j ∈ N. Let us define the subsequencesỹ
Then the sequence
is convergent and
for every j ∈ N. Since all {y (j) k } k∈B are mutually stable w.r.t. the normalizing sequenceτ ′ = {τ k } k∈B , there is a maximal self-stableX 0,r ′ such that {y (j) k } k∈B ∈X 0,r ′ for j ∈ N. Inequality (2.12) shows that the corresponding pretangent space Ω X 0,r ′ is unbounded, contrary to the supposition. Corollary 2.9. Let (X, d, p) be a pointed metric space. If all pretangent spaces Ω X p,r are bounded, then at least one from these pretangent spaces is tangent.
Proof. Suppose that all Ω X p,r are bounded, then, by Theorem 2.5, the set S p (X) is w-strongly porous at 0. Consequently S p (X) is strongly porous on the right at 0 (see Remark 2.4). As was noted above, S p (X) is strongly porous on the right at 0 if and only if there is a bounded tangent space Ω X p,r .
We shall say that a set E ⊆ R + is completely strongly porous at 0 if E isτ -strongly porous at 0 for everyτ ∈Ẽ d 0 . Some properties of completely strongly porous sets E ⊆ R + are described in [9] . The following example shows that there exist w-strongly porous at 0 subsets of R + which are not completely strongly porous at 0. Example 2.10. Let τ 1 = 1 and τ n+1 = 2 −n 2 τ n for every n ∈ N. Let
τ n where m(n) is the index for which n ∈ N m(n) . Write E 1 := {τ n : n ∈ N}, E * 1 := {τ * n : n ∈ N} and
here E 1 and E * 1 are the ranges of the sequences {τ n } n∈N and {τ * n } n∈N respectively. Using Lemma 2.7 we can show that E is notτ -strongly porous with τ = {τ n } n∈N define as above, so that E is not completely strongly porous.
Let us show that E is w-strongly porous at 0. Note that, for everyỹ = {y n } n∈N ∈Ẽ d 0 , there are three possibilities: (i) y n ∈ E 1 holds for an infinite number of subscripts n; (ii) there is k ∈ N such that card({y n : n ∈ N} ∩ {τ * n : n ∈ N k }) = ∞; (iii) there is an infinite strictly increasing sequence {k i } i∈N such that {y n : n ∈ N} ∩ {τ * n : n ∈ N k i } = ∅.
It follows directly from the definitions that n ≥ ν(k) ≥ k (2.13) for every k ∈ N and every n ∈ N k . This double inequality implies that n ≥ ν(m(n)). Using the last inequality and definitions of τ n and τ * n we obtain τ n+1 = 2 −n 2 τ n ≤ 2 −n τ n ≤ 2 −ν(m(n)) τ n = τ * n < τ n . (2.14)
In particular, (2.14) implies that τ * n = τ n is possible only for n = 1 and that τ * n+1 < τ n+1 < τ * n < τ n holds for every n ≥ 2. Moreover we obtain from (2.14) that 
